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Abstract
We derive a closed form for the generalized Bernoulli polynomial of order a in terms
of Bell polynomials and Stirling numbers of the second kind using the Faa` di Bruno’s
formula.
1 Main result
Definition 1. The generalized Bernoulli polynomial of order a (a ∈ N), denoted by Ban(x),
can be defined by the following exponential generating function(
t
et − 1
)a
e−xt =
∞∑
k=0
Bak(−x)
k!
tk, (1)
where |t| < 2π.
Two closed forms for Ban(x) are given in [2] and [3]. We prove the following formula.
Theorem 2. We have
Ban(−x) =
n∑
k=0
(−1)k k!Bn,k(λ1, · · · , λn−k+1) (2)
where
λm =
m∑
l=0
S(l + a, a)xm−l
(
m
l
)(
l + a
a
)−1
(m = 1, 2, · · · , n− k + 1),
and Bn,k(λ1, λ2, . . . , λn−k+1) are the Bell polynomials [1, p. 206] defined by
Bn,k(λ1, λ2, . . . , λn−k+1) =
∑
1≤i≤n,ℓi∈N∑
n
i=1
iℓi=n∑
n
i=1
ℓi=k
n!∏n−k+1
i=1 ℓi!
n−k+1∏
i=1
(λi
i!
)ℓi
, (3)
1
and S(n, k) are the Stirling numbers of the second kind for n ≥ k ≥ 1 which can be generated
by
(ex − 1)k
k!
=
∞∑
n=k
S(n, k)
xn
n!
, k ∈ N. (4)
Proof. Let f(t) = 1/t and g(t) =
(
et−1
t
)a
ext. Using Faa` di Bruno’s formula [1, p. 134]
dn
dxn
f(g(t)) =
n∑
k=0
f (k)(g(t)) · Bn,k
(
g′(t), g′′(t), . . . , g(n−k+1)(t)
)
,
and the expansion
g(t) =
(
et − 1
t
)a
ext =
a!
ta
∞∑
l=a
S(l, a) tl
l!
∞∑
k=0
xktk
k!
=
a!
ta
∞∑
l=0
S(l + a, a) tl+a
(l + a)!
∞∑
k=0
xktk
k!
= a!
∞∑
l=0
S(l + a, a) tl
(l + a)!
∞∑
k=0
xktk
k!
= a!
∞∑
m=0
tm
∑
k+l=m
S(l + a, a)xk
(l + a)! k!
= a!
∞∑
m=0
tm
m∑
l=0
S(l + a, a) xm−l
(l + a)! (m− l)!
= a!
∞∑
m=0
tm
m!
m∑
l=0
S(l + a, a) xm−l m!
(l + a)! (m− l)!
=
∞∑
m=0
tm
m!
m∑
l=0
S(l + a, a) xm−l m!
(l+a)!
l! a!
(m− l)! l!
=
∞∑
m=0
tm
m!
m∑
l=0
S(l + a, a)xm−l
(
m
l
)(
l + a
a
)−1
=
∞∑
k=0
g(k)(0) tk
k!
.
we conclude our formula (2).
Remark 3. Letting x = 0 and a = 1 in equation (2) gives us
Bn =
n∑
k=0
(−1)k k!Bn,k
(
1
2
,
1
3
, · · · ,
1
n− k + 1
)
which was obtained in [4]. Here Bn denote the Bernoulli numbers.
Remark 4. Similar method yields a closed form for the Bernoulli polynomials Bn(x) obtained
in [5].
2
Evaluation of Bn,k(λ1, · · · , λn−k+1)
We have
∞∑
n=k
Bn,k(λ1, . . . , λn−k+1)
tn
n!
=
1
k!
(
∞∑
j=1
λj
tj
j!
)k
=
1
k!
(g(t)− 1)k =
1
k!
k∑
r=0
(−1)k−r
(
k
r
)
g(t)r
=
1
k!
k∑
r=0
(−1)k−r
(
k
r
) ∞∑
n=0
tn
n!
n∑
l=0
S(l + ar, ar)(rx)n−l
(
n
l
)(
l + ar
ar
)−1
.
Thus
Bn,k(λ1, · · · , λn−k+1) =
1
k!
k∑
r=0
(−1)k−r
(
k
r
) n∑
l=0
S(l + ar, ar)(rx)n−l
(
n
l
)(
l + ar
ar
)−1
.
We can use the above to conclude from equation (2) that
Ban(−x) =
n∑
k=0
k∑
r=0
(−1)r
(
k
r
) n∑
l=0
S(l + ar, ar)(rx)n−l
(
n
l
)(
l + ar
ar
)−1
=
n∑
r=0
n∑
k=r
(−1)r
(
k
r
) n∑
l=0
S(l + ar, ar)(rx)n−l
(
n
l
)(
l + ar
ar
)−1
=
n∑
r=0
n∑
k=r
(
k
r
)
(−1)r
n∑
l=0
S(l + ar, ar)(rx)n−l
(
n
l
)(
l + ar
ar
)−1
=
n∑
r=0
(
n + 1
r + 1
)
(−1)r
n∑
l=0
S(l + ar, ar)(rx)n−l
(
n
l
)(
l + ar
ar
)−1
.
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